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Critical Casimir Effect in Three-Dimensional Ising Systems:
Measurements on Binary Wetting Films
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The critical Casimir force (CF) is observed in thin wetting films of a binary liquid mixture close to the
liquid/vapor coexistence. X-ray reflectivity shows thickness (L) enhancement near the bulk consolute
point. The extracted Casimir amplitude ��� � 3� 1 agrees with the theoretical universal value for the
antisymmetric 3D Ising films. The onset of CF in the one-phase region occurs at L=�� 5 regardless of
whether the bulk correlation length � is varied with temperature or composition. The shape of the Casimir
scaling function depends monotonically on the dimensionality.
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An important unresolved issue of critical phenomena
relates to the prediction by Fisher and de Gennes [1] of a
critical fluctuation-induced Casimir force (CF) between
the outer surfaces of a fluid near its bulk critical point
(BCP) [2,3]. The CF in quantum electrodynamics origi-
nates from confinement of zero-point fluctuations of the
vacuum fields between conducting plates [4,5]. The analo-
gous thermodynamic CF arises from the effect of confining
a fluid with diverging bulk correlation length � to a finite
dimension L. Although the underlying theoretical under-
standing of this ‘‘critical’’ CF is relatively well established
[2,3], experimental tests of the theory have begun to appear
only recently. These studies are typically carried out on
thin wetting films of near-critical fluids because in the
planar geometry the CF contributes directly to the force
balance that determines the equilibrium film thickness
[2,3,6]. For example, recent studies of superfluid 4He and
4He=3He mixture films [7,8] support the predictions for
critical CF in XY systems. In the first experiments on the
more ubiquitous Ising systems, Mukhopadhyay and Law
[9] observed enhancement in the thickness of binary hydro-
carbon mixture films near the demixing BCP. However,
while their results qualitatively follow theoretical expecta-
tions, the extracted strength of CF turned out to be more
than 2 orders of magnitude smaller than predicted for the
3D Ising films. This discrepancy may be due to the use of
partial or incomplete wetting films, for which the theoreti-
cal assumption of the finite-size scaling limit is not well
satisfied [3,10]. In view of the absence of other experimen-
tal evidence, a quantitative understanding of the phenome-
non has yet to be firmly established.

We present an independent measurement of the critical
CF in the 3D Ising film that is formed by complete wetting
of a SiO2=Si substrate by a binary liquid mixture of meth-
ylcyclohexane [(MC) C6H11-CH3] and perfluoromethylcy-
clohexane [(PF) C6F11-CF3] [11]. The demixing BCP is at
Tc � 46:2

�C and PF mole fraction of x � xc � 0:36 [12].
A previous study [13] demonstrated that at x� xc, this
mixture completely wets the SiO2=Si surface at 30 �C with
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antisymmetric boundary conditions (BCs), where MC wets
the SiO2=film interface and PF wets the film/vapor inter-
face. In the present study, we measured film thickness
variations about the BCP and extracted the dependence
of the Casimir pressure scaling function on both T and x.
For the thick films that form close to the bulk liquid/vapor
coexistence, the measured magnitude of CF agrees well
with the theoretical universal amplitude.

The theoretical predictions for critical CF [2,3,14–19]
assert that in the finite-size scaling limit T ! Tc, �! 1,
and L! 1, the critical contribution to the free energy per
unit area for a film of critical composition and thickness L
in d-dimensional space has the form !c
T; L� �
kBTcL�
d�1��
L=��. The corresponding Casimir pressure
is Pc
T; L� � �@!c
T; L�=@L� kBTcL�d#
L=��, where
#
z� � 
d� 1��
z� � z�0
z� [6]. The universal scaling
functions � and # are close to zero for L=� 1 but
increase as L=�! 1 and reduce to the so-called universal
‘‘Casimir amplitude,’’ � � �
0� � #
0�=
d� 1�, exactly
at the BCP or L=� � 0. For an Ising film with antisym-
metric BCs [denoted as 
���], the order parameters � at
the two opposing surfaces are finite and have opposite
signs at all T [14,15,20]. Functional forms of ��� or
#�� are yet to be determined for d � 3; however, both
the exact calculation at d � 2 [14] and mean-field calcu-
lation [15], corresponding to d � 4, suggest that
#��
L=�� should be positive and peaked slightly below
bulk Tc [see Fig. 3(d)]. The amplitude ��� has been
estimated for d � 3 Ising films: ��� � 2:39 from a re-
normalization group (RG) theory [15], 2.45 from a
Monte Carlo simulation [15], and 3.1 from the ‘‘local
free energy functional’’ (LFEF) theory [16].

The three experimentally controlled variables are repre-
sented in Fig. 1: (i) the reduced temperature t �

T � Tc�=Tc of the film, (ii) the reduced mole fraction� �
x� xc in the bulk liquid reservoir, and (iii) the offset
��> 0 by which the intrinsic chemical potential of the
liquid film deviates from the bulk liquid/vapor coexistence.
In this work, �� is varied through the temperature differ-
2-1  2005 The American Physical Society



FIG. 2. (a) Measured thickness L vs T, at xc for �T� �
0:02 K (squares), 0.1 K (circles), and 0.5 K (triangles). Open
and closed symbols represent data on cooling ( ) and heating
(!), respectively. (b) L vs x, at Tc for �T� � 0:02 K (squares)
and 0.1 K (circles). MeasuredW � ��L3=2 vs �T� for (c) pure
MC and (d) pure PF on SiO2=Si at 46:2 �C.
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FIG. 1. Schematic phase diagram consisting of three experi-
mental variables. Wetting films are formed on the ��> 0 side,
where vapor is the stable bulk phase. Film thickness data was
collected along paths I, II, and III for different ��.
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ence �T� > 0 between the film and the reservoir, where
�� / �T� for small �T� [13,21]. For noncritical dielec-
tric liquids, the thickness of a complete wetting film is
determined by the balance between �� and the
van der Waals (vdW) interactions with the substrate
[22,23]. For a critical fluid, the CF also contributes to
this balance. Assuming a nonretarded vdW potential
!vdW � W=L

2 [24], the equilibrium thickness L can be
expressed as [6]

L � �f2W � kBTc#
L=��g=���1=3; (1)

where W � Aeff=12� (> 0 for wetting films) is the effec-
tive Hamaker constant between the two-component film
and the substrate, and �� is defined as per unit volume.
Since L! 1 as ��! 0�, approaching the origin

t; �;��� � 
0; 0; 0� corresponds to the finite-size scaling
limit, for which universal behavior is predicted [2,3,14,17–
19]. Given that W is expected to depend only weakly on T
and monotonically on x, any near-critical enhancement in
L at fixed ��, e.g., along paths I and II in Fig. 1, is a direct
measure of #��
L=��> 0. Measurement along path III,
i.e., as a function of �� at 
t; �� � 
0; 0�, is suited for
probing ���, which is expected to converge to a universal
value as ��! 0�.

The cell and cleaning procedure for the Si substrate [11]
were described previously [13]. Differential heating of the
substrate [13,21] stabilizes films up to L� 150 �A [or
�T� � 0:02 K for MC/PF at 
Tc; xc�]. The estimated un-
certainty in �T� is �3 mK. A liquid reservoir of target x
was formed by injecting appropriate amounts of MC and
PF [11] that accounted for the saturated vapor [12]. The
reservoir was stirred for 3 h at 60 �C prior to the measure-
ments starting at or above Tc and at 30 �C for those starting
below Tc. For x-ray reflectivity [25], the CuK�1 radiation
(� � 1:540 �A) of a fixed anode tube was reflected off of a
vertically oriented substrate in the horizontal scattering
plane [13] at an incident angle �, corresponding to wave
vector transfer qz � 
4�=�� sin
�� normal to the surface.
Each scan was taken to qz � 0:3 �A

�1 (reflectivity R�
10�6) over 4–5 h. An accurate, model-independent mea-
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sure of the total film thickness L � hn�=qz;niwas obtained
from the extremum positions qz;n (> 0:1 �A�1) of the well-
defined interference (‘‘Kiessig’’) fringes arising from the
substrate/film and film/vapor interfaces [13]. At given

T;�T��, scans were repeated over 0.5–1.5 days to ensure
that thickness was stable to within 1 �A for >12 h.

Measured L at selected �T� offsets is plotted as a
function of T at xc in Fig. 2(a) (along path I in Fig. 1)
and of x at Tc in Fig. 2(b) (path II). The film thickening
near 
Tc; xc� that is evident for small �T� (� 0:1 K)
signifies the presence of critical CF. At xc, the maximum
L at each �T� [ � 0:1 and 0.02 K in Fig. 2(a)] is obtained
slightly below Tc. The thickening is observed regardless of
the direction of temperature variation. However, for T <
Tc (the two-phase coexistence regime in bulk), the mea-
sured L displays a hysteresis between cooling and heating
[�T� � 0:1 K in Fig. 2(a)]; the two data sets thus provide
upper and lower limits on the true equilibrium thickness. In
contrast, for T > Tc (the single-phase regime in bulk),
hysteresis is not observed and the data should closely
reflect the true equilibrium. As for the x dependence at
Tc [Fig. 2(b)], the maximum L is obtained when x� xc for
the reservoir, suggesting that the composition in the film is
also close to criticality. This and the relatively flat top of
the L enhancement imply that the data at xc can be used
with confidence to extract both ��� and #�� for a mean-
2-2
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FIG. 3. The extracted Casimir pressure scaling function #��.
(a) T dependence at xc, where L=�><0 for T><Tc.
(b) x dependence at Tc, where L=�><0 for x><xc. (c) #��
0�=2
vs �T� at 
Tc; xc�. The dashed lines indicate the theoretical
universal amplitude for 3D Ising films: ��� � 2:39 from RG
theory [15] and 3.1 from LFEF theory [16]. (d) Comparison of
#��
y�=#��
0� vs y � t
L=��0 �

1=) between the measurement
(3D data) and theory for 2D (dashed line; exact [14]) and 4D
(line; mean-field [15]) Ising films. Roman numerals in (a)–(d)
represent the paths in Fig. 1. Symbols in (a), (b), and (d) match
those in Figs. 2(a) and 2(b).
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ingful comparison with the existing calculations, all of
which implicitly assume a film of critical composition.

Extraction of #�� requires an estimate of W
12jS�
for the mixture films, where the indices 1, 2, and S
denote PF, MC, and the SiO2=Si substrate, respectively.
For a uniform single-phase mixture film, one can
show W
12jS� � 
n1=n�1 �W
1jS� � 
n2=n

�
2 �W
2jS� �


n1=n
�
1 �
n2=n

�
2 �"12, where ni and n�i are the number den-

sity of each component in the mixture and pure films,
respectively. With Hamaker constants Wij � Aij=12� for
interactions between wetting molecules, "12 � W11�
W22 � 2W12 � 0:048� 10�21 J [13]. Figures 2(c) and
2(d) show measured W
ijS� � ��L3=2 for pure films,
where �� � ���i � n

�
i 
Qi�T�=T �migH� [13,21], Qi

is the latent heat,mi is the molar mass, andH � 40 mm for
the height of the x-ray spot above the reservoir. Whereas
the assumption of nonretarded vdW interactions can be
justified for pure MC on Si from the near constancy of
��L3=2, PF exhibits a deviation from the expected power
law L����1=3 at large �T� (i.e., small L), possibly due
to the presence of additional short-range interactions.
Nevertheless, the data for the most relevant region of small
�T� (large L) show W
1jS� �W
2jS� � 1� 10�21 J
"12. Noting n1=n�1 � n2=n

�
2 � 1 in the absence of the

volume of mixing, we conservatively estimate W
12jS� �

1:0� 0:5� � 10�21 J. Neglecting the entropies of mixing
for both liquid and vapor (< 1% of the entropy of vapor-
ization Qi=T near the BCP), �� � 
n1=n�1 ���

�
1 �


n2=n�2 ���
�
2 for the binary films.

Figure 3 summarizes the experimentally derived
#��
L=�� based on the inverse of Eq. (1). The ratio L=�
was obtained using � � ��0 jtj

�) for T><Tc at xc [Fig. 3(a)]
and � � l0j
x� xc�=xcj�)=+ at Tc [Fig. 3(b)], where ) �
0:63, + � 0:32, and ��0 =�

�
0 � 1:96 for the 3D Ising sys-

tems [26]. For MC/PF, the bare correlation lengths are
given by ��0 � 2:8 �A [27], and l0 � 6:4 �A, based on the
relation l0 � 0:38��0 
B=xc�

)=+ for d � 3 [28] and B �
0:90 for the bulk MC/PF miscibility gap jx� xcj � Bjtj+

at T & Tc [12]. In Fig. 3(d), the T-dependent shape
#��
y�=#��
0� at xc is compared with the existing theo-
ries for 2D and 4D (mean-field) Ising films [14,15], where
y � 
L=���1=) scales with t.

The presence of critical CF is clearly evidenced by the
fact that the scaled data #�� are always positive, exhibit a
peak at x� xc and T & Tc, and fall off as L=�! 1.
Another predicted property of #�� is its universality in
the critical regime, which implies that for sufficiently small
��, the scaled data at different �� (or �T�) should
collapse onto a single curve [2,3]. Evidence of this behav-
ior can be seen in both the T- and x-dependent data
[Figs. 3(a) and 3(b)], which show a reasonable agreement
between #�� obtained at �T� � 0:02 and 0.1 K, despite
the difference in L by a factor of nearly 2. By contrast, the
offset of �T� � 0:5 K, for which #�� is considerably
reduced [Figs. 3(a) and 3(c)], is clearly too large to be in
13570
the critical regime. Therefore, in the following, we restrict
the direct comparison with theoretical calculations to the
scaled data below �T� � 0:1 K.

The most significant result of this study is that the data at

Tc; xc� and the smallest experimentally achievable offset
of �T� � 0:02 K [Figs. 3(a)–3(c)] yield ��� �
#��
0�=2 � 3� 1 for the Casimir amplitude of the anti-
symmetric 3D Ising films. This estimate, based on com-
plete wetting films, agrees very well with the theoretical
range of ��� � 2:4–3:1 [15,16], in sharp contrast to the
value ��� � 0:005–0:006 extracted previously from par-
tial wetting films [9]. The results here demonstrate that the
magnitude of critical CF for complete wetting films is
accurately described by the existing theories. The compari-
son between #��
0�=2 and W=kBTc � 0:23� 0:11 im-
plies that at the BCP, the Casimir pressure becomes
roughly 1 order of magnitude greater than the vdW dis-
joining pressure. It is therefore highly unlikely that further
2-3
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improvement in the estimate ofW would significantly alter
the agreement between the theoretical and empirical ���.

The scaled data provide an additional insight into the
effect of dimensionality. While previous theoretical studies
point toward greater magnitudes of #�� at higher d [14–
16,20], little attention has been paid to the effect of d on the
shape of #��. As shown in Fig. 3(d), #��
y� displays a
qualitatively similar t-dependent behavior regardless of d.
More quantitatively, however, it can be seen that the nor-
malized data #��
y�=#��
0� obtained for the d � 3 Ising
films display a shape that is intermediate between those
predicted for d � 2 and d � 4. Specifically, the width �y
of the Casimir enhancement region, the peak distance
jymaxj, and the relative peak height #��
ymax�=#��
0�
all increase monotonically with d. While the origin of
this behavior is not immediately clear, the result implies
that theoretical evaluation of #�� for the d � 3 Ising films
should satisfy this dimensional dependence.

The present work is unique in its examination of the
compositional dependence of #��. Calculation of #��
along the � axis is currently not available, preventing a
direct comparison with this aspect of theory. Nevertheless,
given that at Tc both sides of x � xc correspond to the one-
phase region in bulk, it seems reasonable that the peak
shape of #��
L=�� along the x axis [Fig. 3(b)] is more
symmetric about L=� � 0 than that along the T axis
[Fig. 3(a)]. Another significant observation is that in the
single-phase regime, i.e., on the L=� > 0 side of Fig. 3(a)
and on both sides of L=� � 0 in Fig. 3(b), the extent of the
Casimir enhancement region #�� > 0 is limited roughly
to L=� & 5. Thus, to a first approximation, the onset of the
critical CF appears to be determined solely by the magni-
tude of L=� and insensitive to whether � is varied along T
or x. Further experimental studies are clearly needed to
substantiate this rather exclusive dependence of the extent
of #�� > 0 on the magnitude of L=�, as well as to find out
whether it can be generalized to the two-phase region. On
the other hand, the inference is consistent with the finite-
size scaling hypothesis [17,18], which asserts that for given
universality class and geometry, L=� is the only relevant
parameter that dictates the crossover between bulk and
finite-size scaling behaviors.

In summary, we have observed the critical Casimir effect
in complete wetting films of binary hydro/fluorocarbon
mixture. The estimate ��� � 3� 1 based on films near
the liquid/vapor coexistence agrees well with the theoreti-
cal values of the universal Casimir amplitude for the anti-
symmetric 3D Ising films. The shape of the extracted
Casimir scaling function #�� is intermediate between
the universal behaviors calculated previously for the 2D
and 4D Ising films. The results in the single-phase region
of the bulk phase diagram highlight the exclusive role that
the magnitude of L=� plays in determining the onset of the
Casimir force.
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